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^ ■ An alternative pattern of the chiral symmetry breaking, suggested re- 

cently, is investigated. It could be self-consistent provided that the chiral 
S\J(Nf) xS\J(Nf) symmetry is broken spontaneously down to S\J(Nj) x Z^ f 
rather than to S\J(Nf)v- The discrete axial Zjy, then would play a custo- 
dial role preventing the quark bilinears from condensation. It is shown that 
this pattern of the chiral symmetry breaking is ruled out in QCD by exact 
inequalities. It is not ruled out, however, in other gauge theories with scalar 
quarks and/or Yukawa couplings. 



The lessons from supersymmetric gauge theories |I[ teach us that gauge theories 
admit a broad spectrum of various dynamical regimes and, in particular, various 
patterns of the chiral symmetry breaking (CSB). Since QCD is not solved theoret- 
ically it is not unreasonable to search for viable alternatives to the standard CSB 
pattern ascending to the famous work of Gell-Mann, Oaks and Renner . Recently 
an alternative regime has been suggested by Stern and collaborators who also per- 
formed an extensive analysis of possible phenomenological consequences 0. The 
basic elements of this scenario are as follows. Consider QCD with Nf massless fla- 
vors. Then Nj — 1 flavor-nonsinglet axial currents are coupled to Nj — 1 massless 
pions, 

(0\A a y)=zq,F n 5 ab , (1) 

where 

- A a 

X a are analogs of the Gell-Mann matrices acting in the flavor space (the color indices 
are suppressed), q is the pion momentum, and F n is the coupling constant, F n ^ 0. 
Correspondingly, the two-point current correlation function behaves in chiral limit 
as prescribed by the Goldstone theorem 

i J d'xe^(0\Al(x) Al(0)\0) = L v - ^ S*F(f); F(0) = F% . (2) 

At the same time, unlike the standard scenario, the condensate 

s = w = T,$M + n-c. (3) 

does not develop, (S) = 0. At m q ^ but A this would imply that (see below) 

(S) = 0{m q ) and ml = 0{m 2 q ) and (0|P a |7r b ) = 5 ab x 0(m q ) , (4) 
in sharp contradistinction with the generally accepted picture whereQ 

(S) = 0(m° q ) and m 2 n = 0{m q ) (0|P a |vr b ) = 5 ab x 0(m° q ) . (5) 
Here P a = ^75^^. 

It was argued 0] that this unorthodox pattern of CSB ((S) vanishes, but the 
chiral symmetry is broken) is self-consistent and is possible from the point of view 

The analysis of Ref. || is somewhat more general since it assumes the chiral counting of Eq. 
but does not necessarily require that (S) vanishes in the chiral limit. The situation with a 
nonvanishing but an unnaturally small condensate at m q — is logically possible. It is even harder 
to find a natural explanation for this kind of scenario, however, and we do not consider it in this 
paper. 
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of the properties of the density of states of the massless Dirac operator. As is well 
known, a nonvanishing condensate (S) exists only when the density of states in the 
spectrum of the Dirac operator is non-zero at the origin |J. At the same time, the 
condition for non-zero F n is weaker, and a priori it is not ruled out |4j] that the 
density of states vanishes at the origin (so that (S) = 0), but the pion constant 
F n does not. This would be sufficient for the chiral symmetry to be spontaneously 
broken. 

If so, the ample phenomenological consequences would be strongly different from 
the standard picture. In particular, the value of the chiral condensate in QCD 
with m q 7^ must be much smaller than usually assumed Q. It was argued || 
that the low-energy mesonic data available so far can be successfully described if 
the condensate (S) is smaller by an order of magnitude than generally accepted, 
— Nf x (250 Me V) 3 , provided the nonstrange quark masses are larger by a factor 3 
to 4 than currently believed. The strange quark mass is also significantly larger. 

In this work we further investigate the pattern of CSB suggested in [Q, |] with 
the purpose of answering two questions: 

(i) Is this regime self-consistent and, if so, why the spontaneous CSB might not 
lead to the emergence of the natural order parameter (S) ^ 0? 

(ii) Is this regime attainable in QCD? 

The answer to the first question is positive. We identify a pattern of CSB where 
a custodial discrete subgroup Z N of the axial SU(iVj) survives and protects the 
theory from the condensation of the quark bilinears (§). It does not preclude, 
however, the formation of quartic condensates, which are singlets with respect to the 
vector SU(iVy), singlets with respect to the custodial (Z n )a, but are not invariant 
with respect to the axial SU(iVy). These quartic condensates become the order 
parameters of the lowest dimension that are allowed. Then we address the second 
question and show that in QCD per se the pattern suggested in [[], Q cannot be 
realized. The exact inequalities |T(| expressing the most general properties of the 



theory (basically, the fact that the quarks are the Dirac fields coupled to the gluons 
vectorially), do not tolerate the pion pole in the axial-axial correlation function 
without a similar pole in the pseudoscalar- pseudoscalar correlation function. Thus, 
in the quest for the alternative scenario of CSB, Eq. (|4]), one must leave QCD and 
turn to its generalizations (say, with the scalar quarks and/or Yukawa couplings). 

Let us start from the first question. Why does the situation look paradoxical 
and counter-intuitive? If the symmetry is broken, there seems to be no reason for 
the vacuum expectation value of the fermion bilinear to vanish. After all, S is the 
lowest-dimension local operator non-invariant under the axial SU(iV/). Then, how 
can one understand a regime in which it vanishes, and the order parameter for CSB 
has higher dimension? The examples of such higher- dimensional operators are 

A a A a 
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and 



2 = ^y(l-75)^y(l + 75)V>- (6) 

The point is that the bilinear operator S and the quadrilinear operators @ have dif- 
ferent transformation properties under the chiral SU^iV/) xSUn(Nf). In particular, 
i^LipR belongs to the fundamental representation of SU n(Nf) and the antifundamen- 
tal representation of SU l(Nj), whereas transform as the adjoint representation 
under both SUl(A^j) and SUjj(iV/). The expectation value of ipL^R leaves intact 
the vectorial diagonal subgroup of SUl(A^/)xSU^(A^/) and breaks completely the 
axial S\J(Nf). At the same time, the operators are, additionally, invariant 
under the discrete axial subgroup. In fact they are invariant under the whole 
(Z N ) L x (Z N ) R group 

• 2ixn ■ 2nm 

i> L ^e N f ^ R -> e N f ^p R (7) 

For n = m the resulting transformation is the same as the center of SUv{N), which 
is unbroken in any case, and, therefore, it is sufficient to consider either left or right 
transformations only. In the following we will concentrate on {Z^)l 

l 2-n-n 

^ L ^e N f ipLj iI)r -> (8) 

The regime considered in |3], |j] is natural if the pattern of CSB is not the con- 
ventional SU l{N /)xSU r(N f) — > SUy(iV/) but, rather, the unorthodox 

SV L (N f ) x SV R (N f ) -> SV v (N f ) x (Z Nf ) A . (9) 

The vanishing of (S) in the chiral limit is then insured by the unbroken axial Z^. 
Note that the current correlation function 

A x = z J dxe^i^x) y 7 „(1 - 75 Mx) , $(0) y 7,(1 + 7sM0)> 

which exhibits the very same pole behavior as in Eq. (|2|), is invariant under (Zn)a 
but not under the SU^iV)^. If Ai does not vanish in the chiral limit, there are no 
reasons to expect that the local operators with the appropriate symmetry properties 
(e.g. O12) will have zero expectation values. In fact, the existence of a local order 
parameter is necessary if the low-energy physics is to be described by an effective 
chiral Lagrangian, as is assumed in j3|. 

Let us now verify that the unorthodox symmetry breaking pattern (||) implies 
the same chiral counting as in Ref. ||. Consider the chiral limit m q = 0. The first 
observation is as follows: since all the broken symmetry generators are invariant 

2 Ai obviously vanishes if the chiral symmetry is unbroken; dynamical CSB generates a non- 
vanishing Ai. 



3 



under the axial transformations, so are the Goldstone bosons - the pions. On 
the other hand, the pseudoscalar density operator P a is not invariant under (Z n )a- 
This means that in the chiral limit the pion does decouple from the pseudoscalar 
density operator, 

(0|P» = 0. (10) 

Incidentally, as a consequence of this decoupling, the lowest excitation in the pseu- 
doscalar channel is a massive meson. This massive particle is absolutely stable. 
It can not decay into the massless pions, since it carries nontrivial quantum 
numbers, whereas any state consisting of arbitrary number of pions is Zn singlet. 

Switching on the quark mass term we observe that it violates the (Zn)a symme- 
try explicitly, and, therefore, away from the chiral limit a nonvanishing bilinear con- 
densate will be induced. Its value will be proportional to the quark mass (S) oc m q . 
Correspondingly, the pion will not remain massless. However, its mass will be much 
smaller than in the standard scenario, unless one adjusts the quark masses appro- 
priately, making them larger. Indeed, from the Gell-Mann-Oakes-Renner relation 

E 

Flml = -m q (S) (11) 

it follows that the square of the pion mass is proportional to the square of the quark 
mass rather than to the first power, oc m? q . Moreover, at nonzero m q the pion 
does not decouple from the pseudoscalar density any more. This coupling is small, 
however, and proportional to the quark mass. This is precisely the scaling laws 
assumed in ||. 

At the qualitative level, it is clear that this regime can be sustained from the 
phenomenological point of view only if the quark masses are much larger than the 
standard values. Also the ratios {m u + md)/m s and (m^ — m u )/{md + m u ) have 
to be smaller, since, otherwise, the isospin and the Gell-Mann SU(3) breaking in 
the hadron spectrum would be much more pronounced. For example, the splitting 
between the pion masses would be of the order of the pion mass itself. All these 
features again are explicit in the analysis of ||. 

As a side remark we note that if one wants to be fully consistent within the 
framework of this scenario, in developing the low-energy chiral theory one must 
use a slightly different effective Lagrangian compared to what is routinely used 
now. The effective Lagrangian must be a local functional of the order parameter 
which is in the adjoint-adjoint representation of SU^A^xSU^iVy). Therefore, the 
effective Lagrangian must be constructed from a real (Nj — 1) x (iVj — 1) matrix 
yah _ rather than from the unitary N x N matrix U al3 . Here R(U) is the 

adjoint representation of the SU(N) group element U. If one insists on writing the 
effective Lagrangian in terms of the matrix U, then this Lagrangian will have a 
local Ztv invariance. This is, of course, just a manifestation of the fact mentioned 
above - U does not couple to the pion if the quark mass vanishes. Nevertheless, 

3 pa transforms as a sum of two irreducible representations (N, N) + (N, N) under 
SU L (iV)xSU i? (iV). None of these two has zero "iV-ality". 
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the effective Lagrangian C[V] describes massless mesons and satisfies the same low- 
energy theorems as in the standard scenario. 

At finite quark masses U does mix with V and, if the mixing is large enough, one 
can certainly use C[U] in developing the low-energy theory. However, this description 
would be valid only at large enough m q . 

The fact that the order parameter is an adjoint rather than fundamental SU(iV) 
matrix has some bearing on the topological properties of the vacuum manifold. The 
manifold spanned by the adjoint representation matrix is SU (N)/Z^ rather than 
SU(N). Nevertheless, the third homotopy groups n 3 of SU(iV) and SXJ(N)/Z N are 
the same, and the effective Lagrangian C[V], therefore, admits solitonic solutions 
much in the same way as C[U]. These solitons are, of course, naturally identifiable 
with baryons. The fifth homotopy groups 7r 5 of SU(iV) and SXJ(N)/Z N are also the 
same; hence, the theory based on C[V) admits the Wess-Zumino term, so that the 
baryons can be consistently quantized as fermions. 

Note that the discrete is the maximal axial subgroup that could survive with- 
out making the pattern of CSB self-contradictory. The extensive phenomenological 
analysis of the existing meson data in Ref. |J seemingly does not immediately rule 
out the unorthodox regime of CSB. Moreover, as we have just seen, generally speak- 
ing it is theoretically self-consistent and even appealing. If this alternative regime 
were sustainable in actual QCD this would be an exciting possibility. We pass now 
to the analysis of the second question - whether or not the pattern and the 
ensuing scenario are attainable in QCD. 

The standard argument against the unbroken axial symmetry in QCD is the 
parity doubling that would be present in the spectrum if the axial symmetry were 
unbroken (then no massless pion appear). The parity transformation does not com- 
mute with the left- and right-handed currents. Under parity 

(V + A)^(V-A)^. (12) 

That is why the unbroken SU(iV)x SU(iV), together with the unbroken parity, re- 
quires degeneracy in the spectrum. The most striking consequence would be the 
degeneracy between 7r(135) and a (980), as well as p(770) and ai(1260). The split- 
ting between the would-be chiral partners in both cases is too large to be explained 
by a finite quark mass, so one is forced to conclude that chiral symmetry is broken. 
On the purely theoretical side, the regime with the unbroken axial SU(iV), parity 
doubling, and no massless pion is ruled out by the 't Hooft matching of the AVV 
anomalous triangles ||. 

Would the same argument exclude the unbroken axial Z^l The answer is not 
so clear-cut. Since now the massless pion is present, the 't Hooft matching is auto- 
matic. It is still true that the parity transformation ipi ipR does not commute 
with the Zfq transformation (|8]). Unbroken Z^ therefore still requires a degener- 
acy between the lowest excitation in the scalar and in the pseudoscalar channels in 
the chiral limit. However, as we have discussed above, the lowest excitation in the 
pseudoscalar channel would be not the massless pion, but, rather, a stable massive 
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particle. As a result, one must compare a (980) with the first pseudoscalar exci- 
tation, excluding the pion, that is tt(1300). The splitting between these particles 
is much less spectacular, and could, perhaps, be explained by finite quark masses 
especially if we recall that the Zn unbroken phenomenology requires quarks to 
be fairly heavy. The degeneracy between p and a\ now is not required at all by Zn, 
since both, the vector and pseudovector currents, are invariant under Z^. 

The parity doubling constraint is avoided in the baryon spectrum in a similar 
fashion. One can construct several operators to interpolate the left- and right-handed 
baryon states 

b r = (4>r*Pr?Pl)r, B\= {ipRipLip^R, B R = (ip R ip R ipR) R . (13) 

Here we have omitted the color and flavor indices; the subscript L (R) means that the 
Lorentz indices in the appropriate combinations are contracted in such a way that 
the resulting state of three quarks is left- (right-) handed. For explicit construction 
of these operators in terms of the quark fields see 0. 

Consider the case of three massless flavors. Then under the Z 3 transformation 

(I) 



B L,R ' 


~* B l R , 








•47rn , 


B\- 


,e^B R , 


Br- 


■ 2nn -i 

■ e l ~Bl 


B\- 


■ 2-nn o 

-> e l — B 2 L . 



The allowed mass terms that do not break parity and Z 3 invariance are 

5|5| + H.c., B l L B 2 R + R.c, B 2 L B R + R.c. (15) 

It follows that the two states B 1 and B 2 should be degenerate while B 3 is not required 
to have a partner. The situation is analogous to that with the pseudoscalar-scalar 
meson pair. The lowest-lying baryon could be in the B 3 channel and nondegenerate, 
while the approximate degeneracy must be present only between the higher mass 
states 0, iV(1440) and iV(1535). In fact the very same pattern of the parity dou- 
bling in the baryon spectrum was discussed long ago by Dashen ||, as a possible 
manifestation of an unbroken Z^ chiral symmetry. 

Thus, the parity doubling argument is not strong enough to invalidate the pos- 
sibility of the unbroken chiral Z^ on phenomenological grounds. Are there purely 
theoretical arguments that could kill the pattern (^) and exclude all fermion bilin- 
ear condensates? The answer is yes. Unfortunately, this realization of CSB is in 

4 With two light flavors the situation is a little more delicate since B\ is not invariant under 
Z2- One would then have to consider an additional left-handed operator constructed from three 
right-handed quarks. This extra state would be degenerate with B 3 . 



6 



direct contradiction with the exact QCD inequalities (see also JT0|] ) . Consider the 
following inequality of the Weingarten type for the correlators of fermionic bilinears 



\(P a (x)P b (y))\>\{A» a (x)A» b (y))\ (16) 

valid for arbitrary x, y and the indices a, b, \x and v. The correlator of the axial 
currents contains the contribution of the Goldstone mesons. In the chiral limit its 
asymptotics at large distances is 



(A^(x)A» b (y)) - const Fy b y - y > ^ y > y > , \x - y\ - oo 

(x - yf 



ri„ , , rtxabg^ix-y) 2 - a{x - y y(x - y y 

- , \x — y | — * ex 

(17) 

In the conventional CSB scenario the correlator of the pseudoscalar densities also 
contains the pion pole and has the large distance asymptotics 

(P«( x )p\ y ))^5 ab r ^^ , \x-y\^oo, (18) 
(x - yy 

where A is a constant of dimension m 4 and of the order of a typical hadronic scale 
A 4 . The inequality (|16"D is obviously satisfied. However, in the (Z^)a invariant phase 
the pion decouples from the pseudoscalar density. The residue A vanishes and the 
asymptotic behavior of the pseudoscalar propagator is 

(P a (x)P b (y)) - B(x - y)- 2 e-M\*-v\ , \ x - y\ _ oo , (19) 

where M is the mass of the lowest massive particle in the pseudoscalar flavor- 
nonsinglet channel. Clearly at distances \x — y\ ^> M~ l the correlator of the axial 
currents becomes larger than the correlator of the pseudoscalar density, and the 
inequality ( |16|) is violated. 

The argument above is somewhat oversimplified; there is a subtle point that 
must be discussed separately. Indeed, the proof of all exact inequalities [§, [l0| 
implies that a regularization is performed - a small mass term is added to the quark 
fields - so that we do not have to deal with ill-defined massless Dirac determinants. 
The quark mass term, no matter how small it is, couples the pion to the pseudoscalar 
density ((0|P a |7r) ^ 0), and also makes the axial vector two-point functions decay 
exponentially. Since both, the pion mass and the matrix element of the pseudoscalar 
density, are linear in the quark mass we have 



(A fia (x)A ub (y)) -> Fy b 



g »v z 2 _ Azl x z v uu ml 

~2 



and 



\z\ = \ x - y\ > M' 1 , (20) 



{P a {x)P b {y)) - -^-e-^ \ x ~ y \ , \x-y\ » M' 1 , (21) 
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Here c is a numerical constant of order 1 and C is a constant of dimension m 2 . 

Now, at asymptotically large distances \x — y\ — > oo the inequality (|Tj]) could be 
satisfied, depending on the exact numerical values of c and C. A relation between c 



and C ensuring that the inequality is satisfied at \x — y\ — ► oo is given in |pj]| , where 
the limit m n z ^> 1 was considered. Thus, by analyzing the exact inequalities in 
this limit one neither rules out nor confirms the CSB pattern presented in Eq. (f|). 
Observe, however, that the inequality ([16]) must be valid at any values of \x — y\. 
Since is arbitrarily small we can always find such values of \x — y\ in the range 
M~ l <C \x — y\ <C m~ l that the inequality is violated since for small enough m n 
there is a region where m n \x — y\ -C 1 and the (x — y)~ 4 term in the correlator of 
the axial currents dominates f\ One can go even further and use these inequalities 
to obtain a limit on a minimal possible value of the bilinear condensate in actual 
QCD (with m q ^ 0) since the constant C is related to ("0V) • ft can n °t De too 
small - otherwise the axial correlator will start, again, to dominate at intermediate 
distances. 

We, thus, conclude that the phase with the unbroken axial Zn symmetry violates 
the exact QCD inequalities and, therefore, is ruled out as a vacuum phase of chirally 
invariant QCD f\ . In fact the last argument suggests that even at finite quark masses 
the situation with small bilinear quark condensate is precarious. As was mentioned 
above, the residue of the pseudoscalar density and hence the condensate cannot be 
too small in order the QCD inequalities to be satisfied at all distances. Although 
one can not rigorously rule out the scenario suggested in || on these grounds at 
finite quark masses, it seems to us that these considerations make the possibility of 
realization of this scenario in QCD extremely improbable. 

As a final remark, we note that the same argument - exact QCD inequalities - 
is applicable at finite temperatures since neither of the assumptions used in their 
derivation requires T = 0. Therefore, the situation with incompletely broken axial 
symmetry is forbidden at finite temperatures too. However, the exact QCD inequal- 
ities [|Hj are not provable at finite chemical potential. It is conceivable that at finite 

5 We neglect the three-pion, five-pion, etc. cuts in Eq. ( |20| ) since they are suppressed by powers 
of 1/M 2 x 2 and, therefore, irrelevant in the region of distances we are interested in. 

6 An attempt to rule out the (Z/v ^-symmetric phase has been undertaken recently in fl^| . The 
authors analyze the Weinberg sum rules (i.e. the correlation function Ai) in the large N c limit. 
Integrals over the spectral density arc expressed in terms of a sum of local multi-quark operators. 
By applying a certain model of the resonance saturation it is possible to show jl2| that at least 
some of these condensates must be nonvanishing. Needless to say that all local operators that 
enter the game must be (.Z/v^-invariant, because so is the correlation function Ai. An additional 
input is provided by the large N c limit which implies factorization of the multi-quark operators 
and the emergence of some bilinear condensates of the type {^GG...G\j)). For instance, the leading 
dimension-six operator in Ai is [[l3| a s (uLjp,t a UL — dhl^dh) 2 ~ a s [{uLURURUh) + {u — » d)]. It 
is explicitely (Zn)a- invariant. If its vacuum expectation value does not vanish, and the naive N c 
counting rules take place, one has to conclude that (ulur) / 0, and (Z^)a is broken [|l2|. Thus 
the (-Zjv)A-symmetric scenario, with the quartic order parameters (|^) and no bilineras, makes sense 
only at finite iV c , or if the naive N c counting rules are violated. Our consideration does not depend 
on the value of 7V C . 
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density the phase with incompletely broken axial symmetry can be realized. Re- 



cently some interesting analysis of QCD at finite density has been carried out |T4 
So far, the calculations have been only performed in the mean field approximation 
taking into account only the possibility of the bilinear condensates. Nevertheless, 
in the case of three flavors, the condensate favored by these calculations at high 
density does not break axial symmetry completely. We hasten to add, though, that 
the symmetry breaking pattern discussed there is certainly different from the one we 
dealt with in the present paper. The unbroken discreet group in |L4]] is a subgroup 
of the axial U(l). It would be interesting to explore whether the phase of the type 
discussed here can be stable at finite density. 
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